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CHAPTER 11

1imits and an Introduction to Calculus

Section 11.1 Introduction to Limits
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(a) fixy approaches a different number from the nght of ¢ than it approaches from the lefi of o
(b} flx) increases or decreases without bound as x approaches o
(¢} flx) oscillates between two fixed values as x approaches o

You shoukd know and be able o use the elementary properties of Hmits.

I a5 x approaches ¢ from either side, then the limit of
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wection 11.2
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Techniques for Evaluating Limits
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Section 1.3 The Tangent Line Problem

B You should be able o visually approximate the slope of a graph.
¥ apy H 2

B The slope m of the graph of £ at the poing (x, fix)) is given by

NRET KAS
P T
Bl ki

provided this Himit exists.
B You should be able to use the Hmit definition tw find the stope of a graph,
B The derivaiive of fat x g given by
Fla = him fla+ hy - fix)
Jyeit h
provided this limit exists, Notice that this is the same Hmit as that for the tangent hine slope.

B You should be ahle 1o use the limit definitdon o find the derivative of & function,

-, Ellipse
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o S IR AR 3 DO T (6 - ) = —6x
A, h frosl) B bt

30, o = E'?F%ﬁx + k) = fld - [x+ R =3+ b} + 41~ (7~ I+ 4

A Rl 7
Xt Dxh oy B~ 3B — 27
= g
b3 I

= dm 2y + b — 3y =2y — 3
Fumrl}
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Section 11,5 The Tangent Ling Problem 951

(x +

35 F) = :mz

7 g o

s

N N !

R e Ve

36. f15) = fim =

I A I S B S . ix +h—3
= lim T onm
Hald k fres(d A

BRI ) O S O A oy = By e+ - 5
= im Y — = - - -
Al fx b b+ 2y o+ 2 hestt Rix + B 5}x - 5}

= i - e T T
At ix 4 b A4 ZMx D) pstr (g + B SHxo- 5}
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3T k)

38, Fle) =

3%, fayom

i

i
i

i

I}

il

iy

Jlx + By~ flx) Jx+ h— Jr=8 Jx+h—9% Jx-—9
b A o i j

i

ii{ﬁ f 1 ’ 3 T %77
”wg+hw%&m%§ - - } Q“%%ﬁézﬁ e

B A N S

Flx + kp— flay .. e+ kR4 Gxobd

hm
Fi o33 24 o i

xRl - \,-"35 o ] «V”i% + 1+ ekl

Jr+ i+ G+ A+l

333

80 oy ko LS ok )

. x4+ 1)~ dx+ b+ 1}

it R ;

VLI I SVE T EVE 2 o N

. .

[ 7 —

L URVE 2 A TS B EVE S o
—

NEES N PN

B - % vt e

o+ 1PR

Ve

L2 b~ 2
k

A1 4 By~ FLT)
445 (3y m,,. “v—“jl“w"“immfi

P
+
=
L
i
Lk

I

4+ 4k + h - 4 4 (i +2h+ K} -3

B A
=4+ h kw0

w lim {4+ bl = 4
Frni .
pr = lim {—

{i"’) y o 3 = 4(.&‘ 2} Fi3 €}

N — by v — 3 = - He— 1)
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—4 4 By~ fl-4) 14 + b} — fl4
45, {ay m,,, -:ﬂ' Sul) el k) 46, {ay m,,. :“ﬁww ) Sl
[ h e ILf,
i I3
e _Eth-3 Eﬁ
i h
_l+d-hoS oL 1o 4-h+3
W—a + h+ 5 B+ B4+ k-3 b+
e— E f i ~ i
e =] B = lrpyy e p—
m =l mo=
by vy~ 1 = —i{x + 4 by — 1= ~x— 4
yo= o~y 3 yomomx 48
(55 () ¥
«*
.
N
P L
“ :ﬁ ‘fﬁ‘\\ﬂgmx
P SAERN
I 5 151 -1 -05]6105 |1 |15 2
oy 2 L2505 joazsloloaesos ] aes e
| =2l sl - —esio]es 1 1S 2
Flx) = 1
= -~
| \\MM ‘ // ; ‘) = x

They appear o be the same.

wr ToaTos [—v T-0s Jolos 11 s 2
P | —2 | —08a4 | —025 | —0031 | 0| 0031 | 025 | 0844 | 2
P 3 [ rese 075 0188 | 0 0188 | 075 | 1688 3

ey iz
() =
v i | 4%
/_ﬁ fff)i} — wXZ
7 2
//
/f

They appear o be the same.

— 1
msi,fei{}
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Section 11.3

The Tangent Line Problem

G55

4%,

x 2 =15 | -

0574

05

La

1.225 5 1414

1.581

1.732

P87 2 2.

(408 ! €.354

SRS

(1285 J' 0267

0,25 0.236

Frixh =0 =2z~ 4

Fx
fix

1 has

P R
)

o )
T

JFES—,

% w2 ] 15

i 0.5 :

6o -

~0833 | ~0

- {38 | 0

~ .47

a7 .52

.54

¥

G.667

L

= i
il #

i 1

f has a horizowal megent a2t (2, —

[y = BP ~ 6lx + B} + 4 ~ * = 6 + 4)

i
Pl

b xR R

A

—bx — 6 — 1+ Gy

lim —
PRty

o Zxko+ W - GhR
g —— e
bty 1

R

A

= 2 - 6

a horizontal mngent at (3.~ 5}
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‘ (e + k) = flx 3+ B - 9 + BI] - (360 — 9y
53, f/(x) = lim foet B = ) . [3x + A) v+ By - D x|
fir) b Foaty B

OS50 + xR b ekt b RS - Ox o SR - 300 4 Ox
= hm

fpmal} A

L9+ 9xkE 4 3R - Sk
= Hm

Froeald I

= lim (92" + G + 3h — 9} = 92 - 9

Pl =0=09 -0 =8+ Dix~ 1} = x= +]

Horizonial tangents at (1, — 6} and (— 1, 6]

Fix+ B — Flx ol BY xR~ P+ 3y
il A g A

o Aty ekt R B S B+ Bh e e G
= i
sy k

. 3xth 4 3xh? A+ 3h
33341
Pté‘-—'?{) B

= _Eér% {32 4 3xh + A0 4 3 =307 4+ 3
o
Flcy = 322 + 3 =0, Impossible

Mo horizontal tangents

) ,“C} i ._'g'}&" we dby o ()

bt
L
et

86, [0 = 1200 + 1260
Flay = 0= 126 + 1260 = 12%x + 1) =» 0, —)

IR

7 has horizontal tangents at (0, 0F and {1, ~ 1)

Je o dsing 4+ 1 =0 58 flet =1 -

1#51

ha

T
[
|

gip o

[NC .
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Section 113 The Tangent Line Froblem

59, f'(x) = e+ Zxet = U
xe®y 4+ 2) =0
o=, 2

0,00, (2,427

6t flxt=lx+1=0

€3, (a) Pl = ~ 0637 + 633 + B4R
{cy Using the Hmit definjtian,
Py = - 1260 + 633
PO = - 126020) + 633 = 381

{(dy Answers will vary.

G4, (@) N = 1.04p" — 81.50p + 161331

e
Al i !

B4 504

(@} The rate of decr in sales decreases as

the price InCTeases.

65, (ay V = —mr’

\ V4R
Vil = }m} o
A

{4/ 3wt + RY - 4/ 3
e lim -
P 4

] 31

x

e

e
=
g

h

Lt —er{3r2 + ek + B = Awr?

Frl}

i

() V) = 4941 = 20100

(¢} Cubic inches per inch; Answers will vary.

[4 N8+ 3R R AR 4 R -
§ ]
A

66, fI(XI = o g om O

FA24) == 35

AT thme 2070, the population is increasing at
approximately 38.000 per year

(b3

~ 8033 for p o= 15

Shope =

Swpe = - 190 for p = 30,

a6, S0 = 4w’

(a) Using the Hmit definition, 311 = o

(¢} Sguare millimeters per gillimeter
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&7, i) = - 167 4 B4r + 80

the Hmit definition, s {7} = — 32z + &d.

Avernge rate of change =

i

<.
-3
[N

= ) w1 o 8 seconds

P : e e 51
PR TIE S S I Y

&%, Troe. The slope s Zx, which s different for 2l x 78, False. For example, the tangent line 1o v = x° af
{1, 1} intersects the corve at { -2, —§F

71, Matches (b} T Waiches (a),

abways pusitive, bul decreasing. {Derdvative approaches — oo when x spproaches G)

{Drerivative s

TE Wlatches (o)
~tery < O L lor e > 40 {Dlerivative decreases until ongim, then ncreases.)

TR, Answers will vary, i 76, Answers ool upigne

it
e
Eal

Yertical as
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Seciion 4.4 Limizs at Infiniry and Limits of Sequences

e

7 = iy =

Twercepts: (2, 0)

o
A=
T —
o
i
SENIN
N—

Yertical asymptotes: x = by = 3

Horizonial asymptote: y = 0

7@.' f{%} m x - j:? = XA%E P Lo X o i? x % 7

Line with bole ar (2, 3)

ntercepts: (0, 11 (1,0

Slant asyraplote: v o= x o+
- 16 (- ddy - 4)

Line with hole at {—4, —#)
Intercepts: (0, —47, (4,0

4

Slant asymplote: ¥y = & — 4

| S
$2. wxv=-10 0 6 ={0.42.0)
7 A I

k|
14 = (= 140, ~ 46, 577
4

i
3% {}-& B4, ux vy =

Rt Y

BE (=4, 10,00 w (4, - 1,0 =

=
— 0D e
50

= {30, 36}

Section 11.4  Limits at Infinity and Limits of Sequences

B The limit atinfinity Hm f{x) = L means that flx) get arbitrarily close to L as x increases without bound.
Pt e

B Similarly. the Limit at infinity Hm flx) = L means that flx} get arbitrarily close to L as x decreases
. 3wy e Z
without bound.

B You should he able to calculate Himits at infinity, especially those ansing from rational functions.

B 1 imits of functions can be used 1o evaluate limits of sequences. 1 f s 2 funcrion such that lim flx} = L and
. - . 3 'y S AoV}
if a, is a sequence such that fln} = a,, ther Hm g, = L
FRerR




G4 Chapter 1 Limits and an Introduction to Caleulus

YVocabulary Check

3. bimit, infipity Z. converge i diverge
1. fmtercept: (0, O} 2. Horizontal asymptote: v = | 3 Hornzontal asymptote: v = 4
Hortzontal asympioe: v = 4 Matches {a). Yertical asympiote: x =

Matches (o} Matches (dy.

4, fluf = x4+ - 5, Vertical asymplotes: x = 41 f. Vertical asympiote; x & 2
' X
. Horzontal sasymptote: v = | Horizoutal asymprote: y = 2
Mo horizontal asympioe :
_ ) Matches (£ Matches (g).
Marches (hY &
3
7. Vertical asymptore: x o= 2 8. Vertical asymptote: x = £32 & hm oy =0

T T

Horizontal asvmptoter vy = —~2 Horizontal asymplote: y = —4

Muatches (hy batches (2).

Lk

17, hm p does pol exist

pedogn [

b o

S|
23, =l — e ]
xisz s — dy - 4
z 25, - ai i ) - 4o e i
[ 1 5t
27 Mmoo~ s = 0= 5 = 5
’---b:‘.f;%:,j%i’:) o 2j
x x0T 7 3x
28. lm ] e e S B 3Gy o e .
v—oo | 2x 4+ b Ly — 3 2 2 P x .
Hovizontal asymplote: y o= —3 -
f’/f'd"mwww

s
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Lad
‘:M

Horizontal asvimptoter ¥ 5

Horizontal asymptotzl vy = 2

38, flx) = JAF 2

PR Pt 1P P o 16 e

(a) |
i
[

%
Ui | 0732t |

-~ 80995 | —QOI00 | 00010 | 10 x 1070 — L0 x 1D o P 1005

X¥ o

36 fla = 3 - SO 4L

@y L i 10° i i 14 1

LfG) | 01623 | —00167 | ~ 00017 B R L e e O R L

Hm flx} = 0

bl
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P X 1o 16 s 1 [T i HP }

!
i}f{x'} ------- 07082 1~ (7454 | ~0.7495 | ~ (174995 | —(.749995 | ~ 07499595 | ~ (.75

by o,
ls

T o §

|

ik i
| .

Vi il = —0.75

£

Wiy T e e et L s | 1ee

Flep | OE08T ¢ G5008 1 05001 | G000 | 05000 | 08000 1 0.5000

&

G fla) = O3

L

40, a, = - 41 4, =

1. g = i

4
] 4 ]

[
L5

4. o =

1ot
LY

SERTAE TR

L
LA

o

! .
~ d0es not exist

= i (a4 1) does not exist,
B v o
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Section [1.4  Limits at infinity and Limits of Sequences

%63

tin
ks

L%
=
H

o 1 yet ol jsf}—'ﬂ e TR J!

2 L1 As5 L 1508 L PAG0S | EAol i‘.f’%@(ii E506

H
;

dm e, = 10573
PEEI G B (N I D 16 iyt G 107

20 [%28 12.0% 12008 | 120008 | 12.0001 a‘ 120000 |

v

K R R e R R Wt
= : s
Lo, [ 16| 61654136 | 53413 | 53341

18] mln + 1)(2n ;i""% 53*)&{?; iR 1)

Aty &

e e o e | e

! 07975 1 0.7530 0.,7505 | 0.7501 1 07500 47500 E

nfn + 13 il
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CUHOa = $59.25

(o) lim €l = 1359

B
Ay e unis are produced, the fixed costs
(A5 TAUY hecome less dominant,

BE. (a8}

(b} For 2004, 1 = 14 and E(14} =

For 2008, ¢ = 18 and FHIR) = T3.8 million.

L I N
foy dim Bl o

Fmbors G009

The enrollment approaches 78 mitlion.

fdy Answers witl vary,

&7, Palse, flx}) = - does not have g horizontal

BEVIIPLOLE.

&3 True

Gi.

63, Comvrg &4, {Mverges

TR

T2 muilion.

B4, O = 125x + 10500

: - . . 0,500
{2} Average cost = {0 = T P25 + ——

(hy CHID0) = $106.25
CO000) = 31175

(o) As x—oo, O %125

As the number of tons gets very large, the
average cost approaches $1.25 per ton,

Ra, () B

(hy For 2006, 1 =
For 20040, 7 = 20 and N = 2696 thougand,

. 45, 818G
(o Hm N o= - e v FEHG
() Jim Ny = ey = 2600

16w N o= 2772 thousand,

The muber of injuries approaches
26040 thovsand.,

(dy Answers will vary,

£8. Falee. The Hmi does not exist

&8, False

&2, 4

Two bomzontal agymptoes v = &1

65, Diverges &6, Converges to 6

0 ¥

1 ettt rmserciciorar| 3%
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Section [1.4  Limits a¢ Infinity and Limits of Seguences

G&5

68 v = o #

» '";‘}3

L

et e 4T+ M - Gx - §

A+ 2
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A d g oot . "
7. PR S N T i jf{}f} AR R o 28 f
Sx + 4y - 28 ) - e ’
= x it - - 20 & /B
g { c:\{ 4 / E ;
i =y — 54y 4+ ]
v o+ 48y ) ) 4 " :‘jmm_
Real zeros: 0,0, 5, —4 - 160
100 4 51at 2
= 2xt - Ll 4 14, x s
b7 T R R T Sl S oY s
7 ;‘\k f
Fa 5 MWMMMEEM;MW‘LMH .
T, fixh e b e At 2x - 8 : §
= 3 (x — 3) 4 2x - 3} ’ T ¢
= (x = 3He? + 2 -
Real revar 3 ¥
[ dx= o 25y 4 MH = oxHx - 4} 25(x — 43}
(xd — 25Ky —~ 4}
Real zeros: £5. 4 .
k&) 4
FT. E (ZF+ 3 =8+ F 45+ 31+ 13+ 15 = 60 TR, N 537 = o+ 5 4 o 45 4 RO = 158
ot fe)]

- § 827G

Section 11.5 The Area Problem

B You should know the following summation formulas and properties.

{}x} o i
=
5
(e} E la, &
N foae ] f= =]

B Yoush

wuld be able o evaluate & Hmit of 2 summation, Hm S}
Hp o 0
B You should be able to approximate the area of & region using rectangles. By increasing the number of

rectanghes, the approximaton improves,

e N TEN U D
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Section 115 The Aveg Problemn 387

e TN T e

B The area of a plane region above the x-axis bounded by fhetween x = aand x = b s the lumit of the
sum of the approvimating rectanghes:
i ih

A= lim E}’ia e
i

re g EE .
B You should be able to use the Hmir definftion of area to find the ares bounded by simple functions in

the plape.

Yocabulary Check

nin + 1}
LELa

3, ares

i

&4 c; o
i, }: 7 o T{EG) = 420 2, | 3;4 3= 3{48) = 135 ,

N1 83002 ) AU
ki - TET

#
Al T
8 [y Sphom % e o] S L .
4~
a}j " iy 10 1o T
l Sap | 1 (L3008 | G285075 1 O 25050025 1 (L080058
1
0.500058
o 23 o ?{ gln -+ 182n -+ 1 3 - 7
PLo(a) St = N Se() R T e g b ) -
fa} stn} 2 f;_-“l } fﬁ%__r p =

A

B : ; - -
M a o0 | ot | roe s 1y

Simt | & LI%S [ L0154 L L0013 | LOD0ES
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: : — (¢} Lm Stn) =1
7 WO 10t 02 [ | 1of ¢) B Sin)

Sy | 5 LA 1 LG4 | 1004 1 10064

7 e | ot 107 1 pe

‘km‘ 3 O23K5 | 9.02338 ¢ 000233 | 00002333

14 (27 Sty = S 13-

b

tb) T I T UN AR T IR TIC R I TS

Sin) 1 P9 188 0 1590 | 19999

b
=
2
-
Lk
=
e
=y
=
i
i
La
i

| ] (?’t‘.{ﬁ + 1HZn + %}“}'é I
1R SN & 1 6n? &’

et
i
oo,
o
S
e
i
e —
= £
%
vy
§ e
S—
i
.

MO (et 16 A 155

e | e

Sy O D618 | 066165 | (66617 | 666617

moS A T TR T P T R

o 4 Iopin v THIn v 13

S {a) S(ml o E ;" : Eal ]
Fou Y e & ]

Sty | 12.0 1 5.94 52934 | 53397 | 533397

YA I R N

18, fle) =

Area w31

= 325 square units
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Section 115

The Area

Problewm

]

14, The width of sach rectangle is ; The height is

ohiained by pvaluating f af the right-hand endpommt

of each werval

i AV 5 o1/ ‘tdf&fi-%
A= ? £ J{“ o R S T
?ﬂj{\‘é ’%; Ez 4( / iéf

= 1265625 square anils

21, Width of each reciangle is 12/n. The height is

A2 12

Ln/ EAW
LI A £ F Y 1 !
o | [ A A T if i i
A=Y= el
{:z{ 1] %[’ 7 } h?y\ bl f

Nofe: Exact area is 24,

b
Bk

H

The width of each rectangle is 3/n

Noter Bxact area is 18

734, The width of eech rectangle is 3/n

4.

P

b i Y 1/
a 1/ 153573
1 { IR
IR R
fain i 8 45 1o

Note: Exact area is %; = B{6Z5

Fflxy = 2x + 5. [0, 4]
The width of each reciangle is 4/n

H B F
R TRNRTE
4 = *‘(w‘ A
: 2 L n 3 i’?;

e CONTINUED-—

20. Area =

Hod

AT

[

i

¥
&

= 3125 square unmis

#

f2
<

Anproximate area

1%

R
e
e
363

The height 18

i
3

i

B

26

50

Approximate area

14.344

16.242

17314

177282

. The height is

7

54

ApDTOXITHAle ares

2.34

#

26

30

Approximate ares

713

7614

78845

7.994

. FThe height 18

# 4 ¥

26

HIG

8

Arvea | 4001 38

| 368

3616

[
o
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28, —LCONTINUED—

58 {4 Vo2, @2; pir -+ 11 NS
~ S s i) Dy g 2 MR Y =20 4 s 25T
4 E;\ﬂ, /’[ # T R T AT ( o/

26, Flxt = Ge 4+ 1, [0, 4]

The width of cach rectangie is 4/n. The height is

f ( A 14 18 |20 |50 0 |

Area | 34 | 31 297 0 848 | 2824 | 28

A =

V7. fl) = 16 ~ v, [1, 5]

The width of each rectangle is 4/, The height is

o 7 4 18 1w |so W0 oo

fé f§6 Bivd Area | 36 ¢ 38 | 392 | 3968 | 3984 | 40

28, Fla) = 20 — 2x. [2.6]

The width of each rectangle s 4/ The height iy

i = T —_ :"} - :‘ a | e e
)= 2({_‘ Y Bl . 4 18 120 |50 100

o Biye Area | 44 [ 46 1 477 1 47.68 | 4784 | 48

= i
A == s e - i ]w‘u N
}" e [

fa ]
“, {64 ik nin b 13
4 e N[ o I Y ( .................. |

A = lim é{w

EEt el i
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Section 11.5  The Areq Problem

971

29, f(x) = 9 - &, 10,2]

3¢,

The width of each rectangle is 7/n. The height is

" 4 % 26 |50 100 o0

Area | 14257 148125 1 1513 0 152528 | 152932

g 3532 _ {_E_S} ~ 8laln + 10 + }}E _ 4l aln + 120 + 33

. ﬁ[?ﬁiﬁﬁjﬁ*‘i;ﬁ)é g B0
3 n* |

far =2 1, [4,6]
The width of each rectangle i 2/n. The height s

2\ UV e A
flé_;-—j ........ K/,é,m! ;z”} Ao b= 1T A PR

£ ]
no 14 18 0 |50 00 | oo
Area | 5775 1 551875 | 5367 | 5340672 | 578668 %ﬁi
_ E[jfj L3 8 (jﬁiﬁ . (”%?\ﬂ{rz +1) g/ 8 \aln + 120 + 13
f noont YR v 6
[t + A A sln + 1}{2n 4 ]}}
= 44 m(-«---m by \
.owt ) 3L n
2opoply | dfnln + 1H2n o+ 1y & 158
4+ ( ~~~~~~~ o dfntn 2 1N VRIS S
A= lim lj 16 ) ,§( = )I 4416573
1
g = oy -1, 31
flay = [
The width of each reciangle s 4/n. The beight is
/ 4 / 4 Y :’1 : } ]
f{’*‘f“i“—%}~é{“E"?*“.“if}'f”#”“% l it 4 18 20 50 1K 0
' & : i -7 Area | 19 | 185 | 182 | 18.08 | 1804 | 1%
N B AV
S P S
4 ,};‘1(? I )iﬁ,}
2 /14 8;“\F /143 &i(n{n + 13}
e T el = S B T e |
A i;’\_ PR R Y YA
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The width of epch rectangle s 4/n. The height is

474 20
o

g mmﬁ A bomm

3| 50 HH | oo

e
o
e

404 1 4

; A= lim | 6o + 41 = [0 square units

= 3 square unis

)1 39 -
§ = w; SOPUATS uis

o L

= 2 square units
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Secrion 11.5 Fhe Area Problem 973

R \TEd w54~ S A

3. A f( P+ ﬂ)ﬁ) 8. A }272’0«1}%&?)
g (-r 22 CS[(f o)
it \ n/ Gn Pt Y it

1
a T 15 37 f e 0% pin b D{2r 4 1 4
Eiz . &1{%‘} _ iia rat DR
i1 : i i int & i

5 g gz {n + 820 + 1)

- i E P+ - E P — ;;; E 2 R S P — 4 D

g +1} 8 + 12n + ¥ ciHm+n 17 _
= () + — Ll - “““:n{ﬁ Jen ) A = hm ! w2 £ 1) 4+ 20 = = sguare unis
a e Z n” & P fm» t %

?z{rz + 1} ifz{fz + 1}{2 + 131
3

A = jim

?7“'

A .
=2 4= EY SOREATE UTHIS

o=+

Frer B nin;
i / ;‘?"gé
T
~ L infoin
gz
A~ F nt wiln
[,
” - &
A
FZn + 1) b oafn b P

{7 3 f_l___j;_ml ) P T fimfi_}_ = —F - 7 square it

. g
40, 4= % g1+ %?}‘ii}

S PV P S 5]
B }‘ R CR L
LI o 27 274
------ - 2 B3 — e —‘7§
n ol 7 #t o
ir o Gnln + 1) Trin + 1H2n + 1) Yindn A4 13
= wl 63n — - - T
¥ in Gh~ An? A

_ Zn 4+ 1} 270 Hon + 1) Bi{n 4+ 1)
2n g 4n*

Wit 1) | Wnt Yon ) S r W SIE
A{i £

A = fim | 189 —

RS L)

;.
2n Zn? 4n? i
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i e 2 at 4

$27

gg aln + 1) nin + 1)
i

| . E
F ] = B3 : E

[ ;
e SGILETE NS
il

43, A = %

ik 13 3m o+ 1)

s 27 mln e 1 a
A = fim | o+ S ! + mepbn F 120 1)
- L 4 4 Bt B

15 27 9% 51

moe e b Do S gmare upits
P & &

44, A ==

4 Va L, 18

A4 Wnls + 1) 32kl + 2n + 1} & nr'in + 1¥F

i

i B 2 m’ & 7t 4

b A = 4 = [0 b e 4 = sQuAre unis
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Section [1.5  The Area Froblem 9758
45, v o= (30 - 107%7 + 0.0020 ~ 1L0Sx + 400 500
™ |
MNote that vy = 0 when x = 500. '\\\% §
: I
Ares = 10520833 square feet =~ 24153 acres oo B
A TS
0
&6, (a) —4089 x 1079 + 00161527 — 267160 + 4529286
by =
M\
*T\, 1
G ;“"“"‘“"—""—““““*"W“E 358
fcy Using @ graphing udisty w iniegrate from O to 300 gives Area = 78,204 square feer.
{Answers will vary.)
47, True. See Formula 2, page 820, £8. False. n approaches infiniy.
49, Answers will vary. 56. Area is approximately a tnangle of base 2 and
helght 3,
Area = 4, (¢}
3 .
51, Ztanx = tap 2x = mﬁi%ﬁf;f 2. cosZx ~ Jsinx = 2
I — tan*x
: I - 2sinfx — 3sinx =2
tanx = 0 =» 1 = nvw
Zande b Fginx 1 =40
{Fainx + IHsinx + 1} =0
— 1 Tar e
sin x © 3 =p X = “gf“ + Znar, ngw + Za
3
sipx =~ L osm o xow oo b dnw
53, (u-viw = ({4, -3 - {1, 24, - 5) 84 3u v = 34, 5 - (-1 -2 = 34+ 10
= &{4, - 5) = 1%
= {24, — 3
ss vl - 2= 52 56. Julp ~ ¥ = (@ + (=3P} ~ (1P + (-2

= (16 + 25} — (1 + 4)
= 3§
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Review Exercises for Chapter 11

B, ol (By — 1)
PR

2959

b
o

Lot

301

Thes Hmit (7Y can be reached.

164 | 1694 1 164994

1706

P99

19499

2.004

(001255 101250

Undef

31250

01205

00 - 0.001

Iy

{3003

Rty

4.1

Fix)

FOO5G | LaOos

oy

3.9995

0.9950

0.9516

i
Paed ] ¥

The ot cannes be reached.

----- 601 | ~0001 L0

.00

frios

i

~0.9550 | —0.9995

Erroy

= 1EHHIS

- LG50

~ 10536

i 3

b 4y o+
1D

. lim {81~ 3H3
xei

&, Limust doss pot exist

& M {Zgt e 1}

e i

P
1% lim {5y~ 4
Y

i4.

—————

23

Lk

= 53— 4= |}

18 72
o}

y tim [fis) gla)] = (27312}

VoHm [ fl - 2ele}t = 27— 2

16, 1

3
¥ =5
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Eeview Fxercises for Chaprer [} 977

e e

7. him Ydx = (=810 = -2 18. lim /35— £= /35— (—1) = /6
e

19, limosin 3x = s 3w = O 240, Ymtapy = tan O = 0

e T S

; 2

2%, Hm Je® = Jet = - 22 lming = ind

Foen o d & aerd

[ B T . N .

Z3. Ezm cm,sm x = &rasm{ —J = e 24, Tim arctan x = arctan 0 = 0

P L2 & ;!

. ¢+ 2
25 I = im
P I S

e E" L eaa—
A R VTS

»2 -4 . (x + 2)x — 2}
. e = i : :
vz x5 4 B e {x b H® - Tx+ 4
x— 2

e hm T m—E S ——— E
w2yl — Py - 4

o g Sy é"\f
Eflx b 2) - = {x + 23 {3700+ xp iy R R 2
31, Hm ~—_-—-~-Mf‘~~iﬁ~~~~ = lim o w,“ 32, bm - Lo -l o F
PR P rerk {x A 2}{1’ 4 1) gl X werls gl bk o x}

i . i
== ﬁ e —
i (‘r%’}\}

Ji¥E-2 . JiTu-2 JiTut?

33 hm - = im Bt
el i e i WA b i
. (4 + u} — 4
= i '——"—‘—‘““‘":;:‘:W

w3ty u(\/é-é—uﬁ"?.)

= Hpy —— e
ot JEE gy 4



918 Chapter 11 Limdts aod an Introduction to Caloulus

ATi-2 . Jimi-2 Jioi4o

PR ao 5 P X 5 -«,/g“" I+ 2

e P & v [
A7 (a) . e Tos 259 |3 3ot |3

3 Filxd 01685 | 1669 © Eror | 01664 | G638

3. s W Tags  Taoge |4 apor | a0
ek Ty 012516 | 012502 | Frror | 0.12498 | 0.12484

3. () G (B} Answers will vary,

— . x|~ = (3.0 =0001 | O 0001 | 801 0.1

v, 485 ER | TIERS | Hrror Error | O PE 8T IEE 8

49, (2} : (B

P
.

10 0001 1 O 0.061 1 001

I8 owarerss T v | 0 0 - Brror 0 0

i e 4T = 0

w5l

Fri
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(=3

4%, {a)

42, ()

N
B e K
- - oot
Y

4%, (a3 N

/ FE I

- VI i

i&-zmcf value: ——— !
oY

44, (a)

Limnit does not exst
bpcause

i flx) = 1 and
33"

?ii?_ﬂx} S—

()

(b}

(b

-1 — {03

- .001 0

G0

£.01

&1

Fe47t | i

BUGS

1.999494G5 | error

195955

1.345

1.9471

- .01

-0t 1 0

(001

.43

2.0003

Pt

20063 |

IREN BY

(L5680

05773 1 L5773

1.0 1001

LR

) 3 (34881

—~0.4988 | —{.4999

-~ . 5000

,,,,, E
fin Ak does not exist,
Zerd - x
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Limnit does not exist.

e 5 .
4%, i e doss not exist.
et X = 5

v

A1, lim flx) does not exist,

e .
\‘
i

i
48, Hm —
wope 32

e}
Hm flxy= —6&
repdd

i fx) does not exist,
el

Hx o+ k(x4 BP -~ Bx a7

P k e} A

,‘{{2 - Zxh - ;’i‘?

- Fx - xt o ko dxh b

oy I

- f o= 3 - dx

- §(x + h) - 2} = [x* ~ 81~ 2]

= lim [2x + h = 5} = 26~ S

frd

58, Shope = 2

Answers will vary,

86, Slope = 0
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Review Exercises for Chaprer 11 981

b
-
S

Stope at {2, {25

a8
.

M""W .

4

Stope is © at (2, 2},

58 Ar{2 A2 = (2.2} €

L3

Slope = —4 /

@

i approviieety 2

-
&0, A{Z, A2 = (2,3
] .
Slope = 1 .
e
/ﬁ
& o #
I

&2

1

= i

ki ool

Ax < - 6)

=l
Bty {x

- Hly - 6

#

by AL{¥, 2V m =
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i

fufs. M

(a} At{i, 1l m= o=

§7. fix) = Jim St gy~ =

&%, hix} = E}r)% e

71 g'lx) s

£l B - o

Ly Do
By} h

YT R - S iR+ S

i P— o
BT NI

| §H1 7 Pr— S p
hoxl '\.-//--r '?_ h’ + '\//X zw/.x,'

i i . i
: : (b AL{4, 2}, m o= e =
PRV T 24

[l o+ B~ fln 5-5
e b sl 1

T L. S L - ot T3

feebfh k By

LR h
S ) A B YR
limn
Fysdd f’i,
o axt o dgh 4+ TR - O
[§ie¢d
Rl h
Hmm (4x -+ Zh)
fore 3
Ay
fle+hy—flg et AP et b - (- Ay

Higy oo = fim
Fr-a h k-l h
—x% = Atk - Axh? — B R dx b b+ X - dx

Bosly ki

o =35%h - 3xht — B+ 44
lim

o} &

}jzz;z}{ =4 Byl - B4 4

-3+ 4

of + «r\ ...... ..( ..
70. [(x} = fgig};f A )

f

3x o+ k)~ 3x
I

=3
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RBeview Fxercises for Chapter 1]

BEs

73 pU =

+ lim -

I
fip
b en 4

S

ea ) f«;; _V.f‘?w

N . =z
V6, g e hm
I

..... lir 30 - £ - 3+ b b 6R
i-:;wf{}% RS — 1 BES - 1
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T g ln

7 f = it

i

= lim

JEiF A~ St ht4d Jxt A+ S+t h+a
hest B b h AV 4 Jx A A+ St kb d
y {x + 4} — iy + h + 43

1HET}

: - —— ey
bl Sy kb A Al v L Sy B4
i

1

o ¢
el Jy b b At AlVa A+ Vb B E -"«?j

i !
i

J2-x-h J1Z-x

A B
- B --)(Z} 1

i

P

S =%- 2 =x=h J12=x+ /12 %k

Ferm =
hs f{ JIZ x-S 12— izt 12—k
. (12 =~ x) = €12 = x — R} i

it moe e
= NN L R T e N |

I

h{% ! 3 E J i

ARV VA S PV ) }]L-wfﬁ—r*mi’Zmz ““““ i

i
(12— 0212 = x
I

4 { Ix
s m= T B b e = oo - 81 Hm o e :
2 2 Ee—y s X 2”’%

B3 lim — - does not exist,

revon Ly b
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Heview Exercises for Chapter 1]

585

87. a4, =

i

{gi e e G

im o,
PEE Y

&9,

%1.

Ly HY

Hy? - [y

Lyt
pis3
3
s, .
[l
e .
=
s
"t

| 08484 | 0.H348 | D833

alm + 1%n o+ 4 — 3a)

Bt




986  Chapter 11

Fimits and an ntroduction to Caloulus

i
Wl
Ef*«"
{
i
|

PR Gl B Bl i
firs n? 2 u* 4

24n? + 24n ~ 27n* 4 In 4 1)

~3n2 = 30 -~ 27

CAE TR (T )
4n? dns

~3n o+ U+ 9
4n?

7 15

i

5‘ Py

108 164 fe)

Hm
i Loed

—hLBL5T

~ {17575 | —OTE08

G5,

16 rlp -+ 1H2n + 1)

r? &
Rln + 1HZn +

1y

G8. flo) = 4x ~ x*

=4 0=4

6. Width of rectangle: §

Height s [ evalusted at right endpoint

area = Y U3} + 03) + 73} + A1)
@GP s e ]
=415 - 1 =4 = 353125

7 4 2

| Approximate ges

574

. Rt
| Exact area is 5 =5

= im 3 (10 - 2)()

{Exacz AFeH 15 H}%J

Frl T ’._ .i
T N AT 100 3]
) 4 b 0 50 _ iim S 2 § o i - z ;
Approximate area | 10 | 105 | 1064 106624 el R =
100G 169G/ nin + 1101
= | oy - 102 7
i S

LRIt I )

= tun

PR

= 100 — 50 = 50, exact area

© Houghton Miftlin Gompany. All rights reservad.



Review Exercises for Chapter 1T 987

106, 0L A = lim ]
T A

jié.f%fﬁé:%i_%}"}

e &

[
s L {n)

L T

Lo by 4 5 o= 15 pxact wrea

163, flo = £ + 1, 10.2]

) e I
Wk oA = hm b E”} {"—) |-
iran ol nd
The width of each rectangle is 2/,

The beight s

I e GRECT area

The width of esch rectangle is 2/n. The heightis

i

i 1 54
4 me Zl:}g SRS
=50 n
Y

L 56,y M0 alp + 1y T2aln t B2+ 1)1
R 42 2 o &

1 n b in o+ 12n + 1 At 11
A= Lim |56 - 54 ! i WL} + 17 mwmjl%gﬁmmwi fm :.f_?;;mj‘;,‘;

[ F
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15, Fley = 302 — 27 1, 3]

The width of cach rectangle is 270 The heipht &5

# 7
L& 2447 0488
L - -
it n* #

12nln + 1) 48 aln + Lian -

T 2 e 6
b aln + Do + 1 : ]
A i | & -+ & méwm)*;"—*} I }
H o - ﬁ‘é i

6. i) =5 —{(x + 2% [~ 2041

The widih of each rectangle is 2/n. The beaght is

" 2% P AN
Aoz Zics ol 2l
’F{‘ T Y A B ) ‘j

BT, (ay v 376 < B0 H RTEY s 10t — (16Be b 1320168 () o

{cy Area = B8.868 square feet; answers will vary. ey

108, True (assuming all the hinugy 169, False. The lunit does not exist, i Answers will vary.
exist)
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Practice Tesr for Chapler 11 989

Chapter 11 Practice Test

1. Use a graphing utility 10 complete the table and use 2. Uwraph e funciion
the result (o estimate the it

T 292093 20t 3

Fx) ;
H
3. Find the tmit fim e* % by direct substitution. 4, Find the fimit lim - gradvicatiy,
A Kl H
5, Use a graphing uiility 10 estimate the limit f. Frmd the lmit

7. Use the lHmit process fo find the slape of the graph %. Find the derivative of the fanction fle} = 3x — L
I I ) L e
of flxy = Jx ap the point (4. 2).

&, Find the hmits

11, Find the sum }: T
FECR

' ac 2 rational function S(r), and find lim S(n).
B e R

13, Find the arca of the region bounded by [l = - xF over the inferval U 8
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